In this paper, the gravitational equations of Schwarzschild-AdS 5 space-time are investigated. Following the ideas of the black hole mechanics and AdS/CFT correspondence it is formulated the brane world model at nonzero external temperature, in which all the matter fields are confined on the 3-brane. The most general solutions are established and the Z 2 -symmetric behaviour is illustrated. We examine signatures of local and non-local bulk effects in a covariant way given by Gauss and Codazzi formalism and as a result we derive the brane specific corrections to the slow-rolling potential. Further, taking account of recent astronomical data from the WMAP we consider a single-field model of inflation driven by monomial and exponential potentials. We summarize our results graphically and discuss the most relevant standpoints of the inflationary technique. Finally, we make many important conclusions about the viability of the presented scenario and cosmology.
Introduction
It has been realized for a long time that cosmology provides an excellent testing ground for theories beyond the Standard Model of elementary particle physics. For string and M-theory, cosmology renders the most accessible forum for probing the theory experimentally. Inflation provides a particularly suitable framework for these considerations, through its predictions for the primordial perturbations. These perturbations, responsible for structure formation and for temperature anisotropies in the Cosmic Microwave Background (CMB), arise as quantum fluctuations during the early epoch and are stretched to cosmological scales by the huge expansion. Hence the development of the inflationary universe scenario opens up a new and extremely promising avenue for connecting fundamental physics with experiment.
Since the work of Kaluza and Klein [1] it has been an explicit possibility that there exist extra dimensions beyond those of Minkowski space-time. In recent years, the ideas of extra dimensions has become much more compelling. According to [2, 3] it has been suggested that additional dimensions could have a quite distinct nature from our familiar dimensions, in other words, ordinary matter would be confined to our four-dimensional 'universe' while gravity would live in extended space-time. Hence gravity is fundamentally a higher dimensional effect and the bulk Einstein equations gives us a possibility to derive the conventional dynamics on the brane. This reduction is in particular, possible [4] whenever the brane is of codimension one. An intriguing motivation for considering this model comes from strongly coupled string theories. For instance, the strongly coupled E 8 × E 8 heterotic string theory is believed to be an ten-dimensional theory, the limit of which is described by Hořava and Witten model [5, 6] . For all these theories, an essential issue concerns the cosmological evolution of our universe, with a special emphasis on inflation [7, 8, 9, 10, 11, 12] .
During the past 30 years, research in the theory of black holes in general relativity has brought to light strong hints of a fundamental relationship between gravitation, thermodynamics, and quantum theory. Indeed, the discovery of the thermodynamic behavior of black holes has given rise to most of our present physical insights into the nature of quantum phenomena occurring in strong gravitational fields [22] . Recently several authors have found exact cosmological solutions in the brane world models, where a 3-brane is described as a domain wall moving in 5-dimensional black-hole like geometries [32, 33, 34, 35, 36, 37, 38] . Hence it is significant to examine how the bulk space-time is modified at finite temperature. According to [31] the most appropriate candidate can be constructed by gluing together the two copies of Schwarzschild-AdS 5 space-time in a Z 2 symmetric manner. Success of AdS/CFT correspondence [24] has lead to the intense study of quantum gravity in these space-times. Furthermore, AdS/CFT allows us to reinterpret the entire Schwarzschild-AdS geometry [26] as a manifestation of the dynamics of a four-dimensional conformal field theory at nonzero temperature [25] .
Recent results from the Wilkinson Microwave Anisotropy Probe (WMAP) [39, 40, 41] offers an opportunity to further specification of cosmological parameters. In particular, the new data on the running of the spectral index of the power spectrum of the CMB provide valuable constraints on inflationary models [42] . In the simplest inflationary models, quantum fluctuations arise from the excitations of independent inflaton modes [27, 28, 29] . The statistical properties of these fluctuations would be that of a gaussian random field and moreover, they are closely related to those of the CMB.
In this paper the following approach is applied. First we construct one exact solution of 5D Einstein equations taking a time independent metric. Secondly we generalize this metric by inserting a time dependent scale factor. Finally, we use the metric in the field equations on the brane and consider cosmological effects predicted by an simple inflationary model. The paper is organized as follows. In the first section we construct our brane model and discuss the main features of the scenario. In subsections 1.2 and 1.3 we study the local and non-local bulk effects that arise from the effective description of brane world geometry. In the next section we examine cosmological implications of the generalized scenario. We briefly discuss the inflationary technique and further, we focus our attention on the monomial and exponential potentials presented in subsection 2.1. Finally, in the last section we make conclusions and discuss the results.
Model Building
The classical geometry and dynamics of the branes are relevant because they provide a ground for testing cosmological predictions of these models. Observers are necessarily bound to the four-dimensional brane unable to access the bulk, nevertheless the bulk signatures are felt indirectly via their effects on the brane geometry [4] .
1.1.Finite Temperature Behaviour
In a typical brane world scenario [2] , our 4-dimensional world (q µν ) is described by a domain wall in 5-dimensional space-time (g ab ) 1 and the induced metric on the brane is q µν = g µν (x γ , y)| y=const . The extra dimension need not be small, or compact; in [3] , Randall and Sundrum (RS) shown that gravity can be localized on a single brane even though the fifth dimension is noncompact. This noncompact localization arises via the introduction of a non-factorizable geometry. The metric contains a warp factor which is an exponential function of the extra dimension
Suppose that y = 0; then this metric satisfies the 5-dimensional Einstein equations with negative bulk cosmological constant, otherwise the induced metric on the brane is a Minkowski metric. The bulk is described by a 5-dimensional AdS metric, with y = 0 as a boundary, so that y < 0 is identified with y > 0 illustrating thus the Z 2 -symmetry. The first step to proceed is to examine the bulk modification at nonzero temperature. The most suitable candidate can be constructed by gluing together the two copies of Schwarzschild-AdS 5 space-time in a Z 2 -symmetric manner along a boundary which is interpreted as the 3-brane world volume [31] 
where the horizon parameter U T is proportional to the external temperature T , which enters in the metric (1.2) through the periodic identification of t → t + 1/T to make the horizon regular [22] . The convincing reason why space-time (1.2) is the most suitable candidate for a finite temperature modification of the original RS scenario is its strong similarity at T = 0 with AdS/CFT correspondence [24, 25, 26] . Motivated by (1.2) we can assume without loss of generality the ansatz
Then the 5-dimensional Einstein equations becomes
where k is the 5-dimensional gravitational coupling constant such that k 2 = 8π/
M 3 p , with (5) M p the fundamental 5-dimensional Planck mass,
(1.5)
Notice that Λ (< 0) is the cosmological constant of the bulk. Also, λ (> 0) and τ µν are the intrinsic brane tension and the energy-momentum tensor in the brane world that we require to be expressed in the form τ µν = diag{− ρ, p 1 , p 2 , p 3 }. It can easily be checked that eqs.(1.4) can be derived by taking the variation of the action
where
are the ordinary energy density and pressure in cosmology. Suppose that p = ωρ ; then it is straightforward to show that the Einstein equations (1.4) yield three equations
where k 2 ≡ − k 2 Λ/6 and the prime denotes differentiation with respect to y. We stress that the expressions (1.7) are very similar to the result for the first time obtained in [31] for the case ρ = 0.
It is possible to derive the most general solution of (1.7) in a closed form as follows
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with one additional condition in the form
where A, B are parameters constrained by (1.9) and
We see that these solutions doesn't exhibit, in the general case, the Z 2 -symmetry and one additional restriction should be imposed to get it. However the relations (1.8), (1.9) give us a possibility easily to manage with parameters and/or the matter content and hence to examine the main features of the RS scenario with the external temperature. As an example, suppose that B = 0, A = k 2 λ/6k, and ρ = 0 in order to have a Z 2 -symmetric behavior of ζ(y), σ(y) with only λ on the brane; then (1.8) and (1.9) yield
This straightforwardly leads us to the warp factor and the intrinsic brane tension exactly of those in the original RS scenario [2, 3] . It follows that in the Z 2 -symmetric case with no matter on the brane, we can achieve only the original RS like scenario. If one relax the assumption of Z 2 -symmetry(B = 0, A = k 2 λ/6k, ρ = 0); then it can readily be checked that (1.8) and (1.9) yield
Notice that this case was considered in the paper [31] . However the authors has focused on the equations like (1.7) being solved in the form of infinite series as follows
with ζ i (y), σ i (y) illustrating both the Z 2 -symmetric and Z 2 -antisymmetric behavior alternately. Apparently, summing these infinite series one should obtain the expressions (1.11). Finally, the inclusion of the matter gives us a possibility to consider the case B = 0, A = k 2 λ/6k, and ρ = 0. The reader will have no difficulty in showing that the solutions (1.8) can be reduced to the desired expressions as in (1.2)
with two additional conditions in the form
Now if we recall that the pressure is related to the cosmological energy density via ω, we get p = −ρ + θ. In fact, one can suppose that θ ≪ ρ and ρ ≃ −p; then we notice that the matter sector has a suitable form for slow-roll regime (see (1.6)), which implies S µν = −q µν (λ + V (ϕ)) and this regime can be realized after some minimal generalization of the metric (see below). Since we are interested in cosmological solutions, we generalize the metric (1.3) with the functions (1.12) as follows
(1.14)
In fact, the scale factor a is not freely specifiable but it is constrained by the Einstein equations in the bulk. In general, this implies that a(. . .) is constructed from t and y variables. Nevertheless we suppose that after a suitable factorization, the part that depends on the extra dimension (y) can be neglected and the scale factor becomes mainly time dependent. Apparently, there is no guarantee that the brane metric (1.14) can be safely embedded in a regular bulk. However throughout the paper we shall focus mainly on this metric.
1.2.Field Equations on the Brane
In fact, a more general brane-based approach is given by Shiromizu, Maeda and Sasaki [4] , in which the Gauss-Codazzi formalism is used to obtain a pure-brane Einstein equations. This technique was used to study thin shells in general relativity [13] and is particular fit to study the similar problem of branes. The influence of the bulk is encoded in a single tensor that affects the gravitational field on the brane. Further, in accordance with the RS brane world scenario we suppose the Z 2 symmetry and confinement of the matter on the brane.
The first step to proceed is to define the metric on brane worldsheet by 15) where e a µ is an natural frame of four linearly independent tangent vectors associated with the intrinsic coordinates x λ . Properties of a non-intrinsic character are encoded by the unit vector field n a normal to the brane worldsheet such that n a e a µ = 0 and g ab n a n b = 1. Suppose the following decomposition of a 5-dimensional vector
then it is readily seen that In this notation, it can be checked that
The above considerations suggest that h ab can be regarded as the induced metric on the brane [23] and therefore the notation basically follows [4] .
We already know that the Gauss and Codazzi equation gives the 4-dimensional curvature tensor and determines the change of the extrinsic curvature, respectively, as follows
is the trace, and D i is the covariant derivative associated with the induced metric on the brane. The reader will have no difficulty in showing that the Einstein equations associated with the induced metric on the brane can be expressed in the form [4] (y → +0) (4) 20) where
is the projection of the 5-dimensional Weyl curvature, and the notation (1.4) is used. In fact, both the continuity of the induced metric and the singular behaviour in the energy momentum tensor leads us to the Israel's junction conditions [13] ,
where [V] denotes the discontinuity between the two sides of the brane and the Z 2 -symmetry supposition is used. In other words, the conditions (1.21) means that the extrinsic curvature of the brane is completely determined by its matter content. This is a good place to suppose a particular form of the bulk metric. Motivated by (1.14), (1.18) we claim that n a = {0, 0, 0, 0, ζ(y) 
Further, one is able to project (1.20) and (1.21) on the brane as follows
where E µν =
C µaνb n a n b and S µν = (−λq µν + τ µν ), see (1.5). Finally substituting the first equation of (1.22) into the last equation we arrive to the induced field equations on the brane [4] 
The higher-dimensional modifications to the standard Einstein equations on the brane are constructed from the matter fields local contribution encoded in π µν and from the nonlocal contribution from the bulk gravitational field, encoded in E µν . The conventional interpretation [4, 10] assume that E µν transmits non-local degrees of freedom from the bulk to the brane, including tidal gravito-magnetic and transverse traceless effects. Finally, one can imagine that nature has chosen a value of Λ in such a way as to make the observable cosmological constant Λ quite small (Ω Λ = 0.73 ± 0.04) and to make it negligible in early universe. One possible way for understanding this fine-tuning is to assume that Λ depends on U T (see section 1.1). On the other hand, it can be expected that the recent external temperature is smaller in comparison with the early external temperature and during the evolution it value is slow varying. Then taking Λ ≃ −
where T i is the external temperature then our universe started, we can successfully contribute to the inflationary like mechanism of Λ stabilization.
1.3.Signatures of Local and Non-Local Bulk Effects
Further, it is convenient to express the relations (1.23) in the standard form suitable for inflation
In the original RS scenario E µν = 0 since the bulk is conformally flat, however in FRW like Schwarzschild-AdS 5 space-time (1.14) E µν = 0. As far as we consider only scalar fields on the brane, the decomposition of non-local bulk effects encoded in E µν can be assumed to be as follows [10] 27) where u µ is a 4-velocity of a field of observers on the brane and v µν = q µν + u µ u ν projects orthogonal to u µ on the brane. Obviously, motivated by (1.14) we have
. Specifically, in this notation, the brane energy-momentum tensor can readily be presented in the form τ µν = ρu µ u ν + pv µν . It can easily be checked that the local and non-local bulk contributions can be consolidated into an effective energy-momentum tensor in the form
Our next step to proceed is to recall that the action (1.6) can admit the slow-roll regime of the matter on the brane whenever θ ≪ ρ (see (1.13)). We suppose that this regime can be permited by the metric (1.14) with the same functions ζ(y) and σ(y) as in ( 1.2) (approximately). During the slow-roll period the matter satisfies ρ ≃ −p and hence (1.28) yields a relation between ρ ef f and p ef f in the form ρ
. We see that the brane based description imposes a deviation from the effective slow-rolling regime. However let us remember that p = −ρ + θ and hence one is able to absorb this auxiliary term redefining appropriately θ. On the other hand, U can be viewed as a form of dark radiation affecting the primordial nucleosynthesis and the heights of the acoustic peaks in the CMB radiation. It decouples from the matter on the brane and behaves like an additional collisionless massless component. As far as, we are interested in early universe cosmology; it is reasonable to assume that during inflation this term will be rapidly diluted and one can neglect it [7, 10, 17] . The effective slow-roll conditions can now be expressed in the inflation friendly notation: ρ ef f ≃ −p ef f . The initial slow-rolling conditions impose the validity of ρ ≃ V, p ≃ −V and further, motivated by (1.28) one is able to suppose that the effective energy density can be expressed via the effective potential
then it is reasonable to rewrite (1.26) in the following form
Finally, close your eyes and pretend that all that we have is the equations (1.30). Then it is expected that these equations can be derived by taking the variation of an effective action in the form
are the observable energy density and pressure in cosmology and
18 GeV is the reduced 4-dimensional Planck mass. It is readily seen that we can confine ourselves to the action (1.31) since all the bulk effect are encoded in the new potential V (V (ϕ)). Further, throughout the paper we shall be content with this standpoint. Finally, we emphasize that during inflation the matter confined on the brane is free of any contributions of U T and hence early universe physics suggests a strong favour of the generalized AdS 5 [7, 9, 10, 14, 15] scenario rather than generalized SchwarzschildAdS 5 . However notice that the external temperature will contribute to cosmology during the post-inflationary evolution of universe.
It is instructive to express (1.23) in the form
This ensures that π µν can be safely neglected in the low energy limit whenever λ is of high energy scale. Nevertheless π µν can play a key role in the early universe when the matter energy scale is high. Hence during inflation there is no motivation to neglect the contribution of the term quadratic in τ µν . The situation with E µν (U) is less optimistic since there is no a cogent reason to expect that it is negligible even in the low energy limit. It should also be noticed that it is not clear if the subsequent cosmological evolution during the different cosmological eras leaves some imprints of the bulk gravitational field in the anisotropies of the CMB. However preliminary results which suggest that E ab does not change the spectrum of scalar perturbations, have been obtained [9] . It follows that mainly the early universe cosmology on branes seems to be different from standard 4-dimensional cosmology and there is room for possible speculations and contributions to the brane worlds cosmological and particle models.
Model Based Inflation
The success of the brane worlds has lead one to believe that brane inflation is expected to be compatible with the recent data from the WMAP. The prior tests of brane inflation has focused mainly on the COBE normalization data and further, it was shown that universe succesfully inflates and bounds on the scales of the brane world quantities were obtained [14, 15, 16, 17, 18] . By construction, we consider effective field equations (1.30) with the metric (1.15) and y → +0. Hence the inflation on the brane realizes by the induced metric derived from (1.14) as follows
It can easily be checked that effective field equations (1.30) for the ansatz (2.1) reduce to the effective Friedman's equation
where dot denotes derivatives wit respect to t 0 and the assumption of a flat universe is used since the analysis of the WMAP observations show that Ω = 1.02±0.02 [40] . Suppose that the power spectrum of the CMB anisotropy is determined only by the power spectra of the curvature; then we have four observables (A, r, n s , dn s /d lnk) [41] , which mean the spectral amplitude, the tensor-scalar ratio, the spectarl tilt, and the spectral tilt variation respectively. In the context of slow-roll inflationary models with the action (1.30), one is able to define three slow-roll parameters [28] in the usual (non-brane) form
where prime denotes derivatives with respect to ϕ. A standard slow-roll analysis gives observable quantities in terms of the slow-roll parameters and the potential as follows [28] n s = −6ε + 2η + 1; A = 3.3 × 10
Parameterization of slow-roll inflationary scenario by (2.3) enables one to examine a large range of models and to derive predictions for the density perturbation and the spectral index. The slow-roll constrains are quite awkward for examinations, hence we formulate a set of assumptions that will simplify (2.4). First we assume that the bulk cosmological constant is of the order Λ ≈ − where (2.5) and the defenition of N(ϕ) were used. It is reasonable to express the logarithm in the form of series with all the contributions of the terms higher than O(ϕ 4 ) being neglected. It is not hard to check that (2.8) becomes
We stress that the above expression is extremely similar to the result for the first time obtained in [14] for the original RS cosmology with the action (1.6). This means that the new term on the right of (2.9) arising from the effective Friedman's equation on the brane, always gives more inflation for one initial value of ϕ. Assume that ϕ end ≪ ϕ; then (2.9) readily gives the value of ϕ when cosmological scales leave the horizon
Further, we will adopt the following strategy: first taking account of n s = 0, 93 and fixing the number of e-foldings to be N = 55 we calculate m as a function of a given 5-dimensional Planck mass straightforwardly using the first of relations (2.6) and the second of (2.3); secondly using the third relation of (2.6) and the first of (2.3) one can control the validity of results taking into account the WMAP observations, which require r < 0.71. We summarize our results in Fig.1 (the line for m plotted in this figure satisfies the last requirement for entire range of (5) M p ). Nevertheless we believe it is instructive to go through an example as it already shows the viability of inflationary cosmology with the action (1.30). Notice that in the usual monomial inflation based on 4-dimensional Einstein gravity with a quadratic potential, the value of the inflaton mass m is required to be ≈ 10 13 GeV in order to obtain the observed (COBE) level of anisotropies in the CMB [30] . Now, to be precise, suppose that (5) M p ≈ 1.7 × 10 17 GeV ; then (2.6 first) yields m ≃ 10 13 GeV , and (2.6 third) gives r ≃ 0.38; Also, it is possible to calculate the intrinsic brane tension λ ≃ 3.9 × 10 64 GeV 4 . We continue our survey of models with a quartic potential of the form V (ϕ) = 1 4 f ϕ 4 . As above, we determine the number of e-folds
(2.10) For the same reason, we express the arctangent in the form of series as follows: arctan x ≃ x − x 3 /3 + x 5 /5 − . . . . It is not difficult to check that (2.10) becomes
In this case, we see that the new terms on the right have different signs, alternately. This gives additional inflation due to the first term in the series but less in comparison with (2.9). Further, we neglect all the contributions of the terms higher than O(ϕ 8 ). Now, suppose that ϕ end ≪ ϕ; then (2.11) gives the value of ϕ when cosmological scales leave the horizon as follows general case, does not exhibit the Z 2 -symmetry and one additional restriction should be imposed. We argued that the constrained solutions (1.8) can lead us to the solutions of the original RS scenario or to the setup of a scenario proposed in the paper [31] . Further, we have considered the generalized metric (1.14), which includes a time dependent factor and we have used this metric with the effective field equations on the brane in order to obtain the effective Friedmann equation (2.2).
Before we turn to cosmology notice that the inflation friendly form of the effective Einstein equations on the brane worldsheet was obtained considering all the signatures of local and non-local bulk effects (sec. 1.2,1.3) . We have shown that inflation with one scalar field on the brane can be driven by the effective Friedmann equation that is considerably enhanced in comparison with the usual (non-brane) Friedmann equation. We emphasize that the form of the effective action (1.31) and the effective field equations (1.30) are similar to the non-brane inflation with some effective potential. This enables one using the standard inflationary technique to calculate the values of the slow-roll parameters related to the cosmological observables for a given potential and one 5-dimensional Planck mass (sec. 2). Our results are summarized graphically in Fig.1 . This figure suggests that the values of the brane tension λ can be considered as a function of (5) M P only, at least in early universe. Another result is that the values of r depend only on the specific potential and does not depend on (5) M P . All the tensor-scalar ratio values accommodate nice the WMAP constraints (r < 0.71).
An unexpected feature of brane world inflation is that the definitive potential V (see (1.29)) can be constructed from an much simpler expression for the initial potential V due to exploitations of the brane world effects. Namely the arguments in this paper extend the results in the literature on the increased rate of expansion of the universe which assists slow-roll and therefore enlarged family of potentials which can accommodate inflation. Specifically, inflation becomes possible for a class of potentials ordinarily too steep to sustain accelerated expansion [14, 15, 19] . As long as we have not attempted to formulate our scenario within the context of some realistic particle physics model, it should be noticed that string/M-theory models have a number of possible candidate scalar fields with steep exponential potentials living on the brane worldsheet. These include the dilaton in 5-dimensional heterotic M-theory (see [20] ) and/or the combinations of the dilaton and moduli fields that arise in heterotic M-theory (see [21] ). 
